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Timmesfeld has almost determined the finite simple groups G possessing an 
involution x, such that the generalized Fitting subgroup F*(C,(z)) of the 
centralizer of .a in G is extraspecial (see [l 11). The purpose of this paper is to give 
a solution of case 6(i) and of part of case (5) of Timmesfeld’s main theorem 
in [ll]. 
We prove the following: 
THEOREM A. Let G be a finite group and z an involution contained in G such 
that 
(1) F*(C,(z)) is an extraspecial %-group of width 10, and 
(2) GM/F*G(4) contains a subgroup of index 2, which is isomorphic to 
Ud2)* 
Then one of the following is true 
(a) G = O(G) C,(Z). 
(b) G is isomorphic to the extension of 2E,(2) by a field-automorphism of 
order 2. 
THEOREM B. Let G be a finite group and z an involution in G such that 
(1) F*(C,(z)) is an extraspecial 2-group of width 11, and 
(2) C,(z)/F*(C,(z)) is isomorphic to the second Conway group Co, . 
Then one of the following holds: 
(a) G = O(G)&(z). 
(b) G is isomorphic to Fischer’s “baby monster” F, of order 
241313567211 . 3 . 17 . 19 .23 . 31 . 47. 
* Supported by the DFG. 
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1. PRELIMINARIES 
The proof of Theorem A resembles closely Reifart’s characterization of 
s&(2) given in [8] and presents no difficulties whatsoever. In order to prove 
Theorem B we assume case (a) doesn’t occur and determine the structure of the 
centralizer of a non-central involution in G. An application of Stroth’s charac- 
terization of the Fz gives then the desired result. 
Obviously it suffices to consider a finite simple group G which satisfies the 
assumptions of Theorem A (resp. Theorem B). We shall adopt the notation of 
[l I] and make free use of the results of [l 11. 
So we fix an involution a in F*(C,(z)) - (z), which is conjugate to z in G, 
and se set 
M = GM, Q = QWh Qn = 02(CGW)j L = QW n 0,). 
For subgroups X of M write 1 = XQIQ and X = X(x)/(x). Fix a 2-central 
involution t in M, which is contained in L, and consider the subgroups 
R=(l;“ltEP,hEm), ~=(ci~i&,hEM), nr = C,(P). 
Let V denote the inverse image of 8. Then V is an elementary abelian group. 
Set W = Co(V). 
The results of [I l] give the following 
(1.1) LEMMA. 
(i) C(E) n & = (2). 
(ii) Q n Qa s E21 1 and so Q is of (+)-type. 
(iii) L g E,9 in the case of Theorem A. 
L E E,lO in the case of Theorem B. 
(iv) M operates irreducibly on &. 
(v) M controls the fusion of involutions in Q - {z}. 
-- 
(vi) C,(a) = Cm(Z) = NM(~). 
Further p = [Q, t] and C&t) = l@. 
(vii) n is an extraspecial group of order 2s and (+)-type. 
R/N is isomorphic to Q,-(2) in case of Theorem A. R/N is isomorphic to Spe(2) in 
case of Theorem B. 
(viii) p and Q/m are elementary abelian groups of order 26. 
We have [N, 81 = 1 = [Q/m, m] and R/N ’ d zn uces its “natural” representation 
on both P and Q/m. 
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2. THE PROOF OF THEOREM 1% 
Let G be a finite simple group satisfying the assumptions of Theorem A. Like 
in [8], we fix the following notation: Let t be an involution in M’ - Q. We say 
that t is of the 1 st type, if t is 2-central in M’, t is of the 2nd type if 1 C(t) n M j == 
21432, t is of the 3rd type, if / C(t) n M’ / = 21232. 
Let s be an element of order 3 in M. We say that s is of the first type, if 
I C(S) n M’ j -= 2636, s is of the second type, if / C(S) n M’ / = 26355, s is of the 
third type, if / C(S) n M’ 1 = 2335. 
(2.1) LEMMA. (i) 1 < R’. 
(ii) C,(a) = C,(n) = Nm(z) . IS a split-extension of L by a group Pi. We 
have F n M’ g L,(4) and P is an extension of F n M’ by the field-automorphism 
of order 2. 
d has 891 M-conjugates in Q. 
Proof. (i) this follows from [2, Sect. 191. 
(ii) As N(E) n M’ corresponds to a parabolic subgroup of U,(2), NH(L) 
has the above structure. The lemma is proved. 
The proof of th e o f 11 owing facts is exactly like in [8] and will be omitted here. 
(2.2) LEMMA. (i) Let r be an element of order 7 in M. Then Co(r) is dihedral 
of order 8. The involutions in Co(r) - (z) are conjugate to a in M. 
(ii) Let sR be an element of order 3 of the third type in M. Then C,(s,) is 
isomorphic to the central product of 4 quaternion groups of order 8. 
(iii) Let w be an element of order 5 in M. Then C,(w) is isomorphic to the 
central product of 2 quaternion groups of order 8. 
(iv) Let x be an element of order 11 in M. Then Co(x) = (2). 
(v) Let t, be an involution of the 3rd type in M. Then Co(t,) is elementary 
abelian of order 21° and so all involutions in t3Q are conj’ugate. 
(2.3) LEMMA. The set (Qa n :%I) - (Qa n Q) contains exactly 672 conjugates 
of z. They all lie in the 21 cosets of Qa n M/Qa n Q corresponding to 2-central 
involutions of &?’ and each such coset contains precisely 32 conjugates of z. 
(2.4) LEMMA. (i) Co( w contains a subgroup of index 2, which is isomorphic to ) 
2, x A,ortoZ, x A,. 
(ii) C(w) n M’ C (w) x Co(w)‘. 
(iii) The set Q - { z } contains exactly 2 M-classes of involutions with repre- 
sentatives a and x, which are centralized by an element of order 5 of M. 
(iv) Let t be an involution in C,\{(w) - C,(w). Then t is conjugate to z or to x. 
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Proof. (i) is proved like [8, Lemma 71. 
(ii) We can choose w E C,(a). By the preceding lemma, C,(w) - C,(w) 
contains an involution, which is conjugate to x in G. 
As C,(w) controls the z-fusion in C,(zu), (ii) is shown. 
(iii) and (iv) are consequences of the structure of A, and il, a 
(2.5) LEMMA. Let t be an involution us in (2.4) (iv). Then Co(t) = W is a 
direct product of an elementary abelian group of order 26 and an extraspecial group 
of order 2g and (+)-type. We haae Z,(N) = Z(C,(t)) = V. 
(2.6) LEMMA. Let x be an involution as in (2.4)(iii), x E V, x + z in G. Then 
C,(x) is an extension of m by a group isomorphic to ,Ye x 2, . 
Proof. We have C~(a)/flr ,?$ . As a operates transitively on fl n p, 
Ciii;(m) = (t) and because O,+(2) does not contain a subgroup isomorphic to 
Aut(AJ, we have (C(a) n C&t))/?Vz ,X6 x 2,. Like in [8] we get C,(n) = 
c??w 
(2.7) LEMMA. Let s1 , s2 and s3 be elemtnts of order 3 of M of the lst, 2nd and 
3rd type, resp. Then s, , s2 and s, lie in 3 distinct conjugacy classes of G. We have 
Co(sl) g Q8 and Co(s,) and C,(s,) are central products of 4 quaternion groups of 
order 8. 
Proof. We can choose (sr , s2, ss) < R. Then < operates fixed-point- 
freely on p, 1 C&J1 = 4 and 1 C&)1 = 2*. Like in [8, Lemma 111, we see 
Co(sl) z Qs . As s2 is centralized by an element of order 5 of M and by (2.2)(ii), 
we get Co(sz) s Co(s3) s Q8 * Qa * (2s * Qs . Let Si E Syl,(C,(s,)), i = 1, 2, 3. 
We have I S, / = 21°, I S, I = 2r6, 1 S, I = 213, C&) = (t), S,,/C,(s,) E D, 
and so S,/Co(s,) g 2, x D, . It follows Ol(SJ n Z(S,) = (z) and so 
S, E Syl,(C,(s,)), s2 + sa . AS S, n M’/Co(s,) z Qs x Qs , there is no elementary 
abelian subgroup of order 2* contained in S, n M’. Further we have 
G(4/(s2? cow = W(2). 
The rest of the proof is like in [8, Lemma 111. 
(2.8) LEMMA. Let t be an involution us in (2.5). Then tQ contains exactly 3 
G-classes of involutions. The coset tV consists of 64 conjugates of z and of 64 
conjugates of x. By replacing, if necessary, t by tz, we can assume t N z and 
tz - x. 
(ii) Let s2 be as in (2.7). Then C,(S,)/(S~) . zs isomorphic to the extension of 
U,(2) by a jield-autonwrphism of order 2. 
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Proof. (i) Exactly like Lemma 12(i) of [8]. 
(ii) follows from [7]. 
The following is proved exactly like in [8] again. 
(2.9) LEMMA. All involutions y in Q - (z) such that a + y + x are conjugate 
in M. The group C,( y)/Co( y) is a faithful extension of an elementary abelian 
group of order 2* by UJ2) and C,,(y) is contained as a subgroup of index 2 in 
GAY>. 
(2.10) LEMMA. (i) Let t, be an involution in M - Q of the 1st type. Then the 
coset tlQ contains exactly 3 M-classes of involutions, which are not fused in G, 
namely 64 conjugates of z, 64 conjugates of x and 27 135 conjugates of y. 
(ii) Let t, be an involution in M - Q of the 2nd type. Then tzQ contains 
precisely 28 conjugates of x, while all other involutions in t2Q are conjugate to y. 
If we choose t, N x, then Co(t,) is isomorphic to a direct product of E,8 and an 
extraspecial group of order 32. 
(iii) Let t, be an involution in M - Q of the 3rd type. Then all involutions 
in t3Q are conjugate to y. 
COROLLARY. It follows from Thompson’s transfer lemma, that G has exactly 3 
conjugate classes of involutions with representatives z, x and y. 
(2.11) LEMMA. Let t be an involution of the 1st type in M - Q with t -‘o z. 
Then [Q, t] = V and C,(V(t)) . is a special group of order 224 with center V(t>. 
There are no conjugates of z in C,( V(t)) - V(t>. The factor group X = 
No( V(t))/C,( V(t)) is isomorphic to O-(8,2) and acts in the natural way on V(t). 
The involutions x and x are representatives of the orbits in V(t) under the action of 
X. We have Co(x) C N( V(t)) and C,(x)/C( V(t>) z 2, x Sp,(2). 
Proof. Like in the proof of [8, Lemma 151 let w be an element of order 5 in 
C,(t) and E = C(w) n W(t) = C(w) n V(t). Then E g E,, and E < C,(w)’ 
There are 6 conjugates of x and 9 conjugates of .a in E. N,(E) controls the fusion 
of involutions in E. Then 0,(&(E)) is contained in QO,(C,(x)). Further 
O,(C,(t)) contains V and so 1 O,(Co(E))/O,(C,(t))I < 2. 
Assume 0,(&(E)) # O,(C,(t)). Then there is an element e E M - 112’ such 
that e E C(w) n 0,(&(E)). 
Because of C,(W) = (t), we have Z(O,(C,(E))) = C(e) n Z(O,(C,,(t))) = 
C(e) n V(t) > E. But V(t) = E x [w, V(t)] and so Z(O,(C,(E))) = V(t). 
It follows e E C(V) < M’, a contradiction. 
So we have O,(C,(E)) = O,(C,(t)). L k i e in [8] we get 1 X 1 = / O-(8, 2)1 
and X contains a subgroup of index 2, which is isomorphic to SO38, 2) and 
operates in the natural way on V(t). Further X possesses a subgroup, which is a 
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faithful extension of an elementary abelian group of order 26 by O-(6,2). So 
Xg O-(8,2). L’k 1 e in [8], all the C,(x)-conjugates of .a in C(X) n M’ are 
contained in J/(t). 
Assume there is an involution i E C((x, z)) - (C(X) n M’) such that i N .a 
under C(X). Then i centralizes an element of order 5 in M. This contradicts 
(2.4)(i), (ii) and the fact, that C,(w) controls the z-fusion in C,(w). 
This shows, that the &(x)-conjugates of z contained in C(X) generate an 
elementary abelian group. The lemma is proved. 
The proof of the following lemma equals that of [8, Lemma 161. 
(2.12) LEMMA. Let y be an involution in Q us described in (2.9). Then C,(y) C 
NG( ( y, a, z)), C,( y)/C,(( y, a, z)) g Z3 . Especially, C,(y) is a solvable group. 
(2.13) LEMMA. Let s2 be an eZement of order 3 of the second type in M. Then 
(i) Co(s,)’ contains conjugates of z, x and y. 
(ii) C,(s,) controls the z-fusion and the x-fusion in C(s,). 
Proof. (i) By (2.8)(ii), we have &(~a) E U6(2). Obviously C,,,,(s,) C (sz) x 
Co(sa)‘. It follows from [7], that sa centralizes an involution of the 3rd type in M’. 
Thus C(s,)’ contains conjugates of y. As C((x, z)) n M’ contains elements of 
the third type of order 3, (i) is shown. 
(ii) It follows from (2.7), that C,(s,) controls the z-fusion in CG(s,J. 
We have C,(x)/O,(C,(x)) s Sp,(2). Thus C,(X) has exactly 3 conjugate- 
classes of elements of order 3. 
The group C,((x, x)) contains elements of the second and third type. 
Further, an element of order 3 of the first type in M centralizes an involution of 
the 2nd type in M’. So, by (2.10), the element sr centralizes an involution, which 
is conjugate to x. As C,(X) contains conjugates of sr , s2 and sa , it follows from 
(2.7) again, that Co(s,) controls the x-fusion in &(~a). 
We are now able to derive the final contradiction: It follows from (2.8)(ii), 
that there is an involution K contained in C,(s,) - C,(s,)‘. By the preceding 
lemma, R cannot be conjugate to z or to x. So k wy by the corollary of (2.10). 
But C(F2) n Cc(sz) is not solvable. This contradicts the fact, that C,(y) is a 
solvable group. Theorem A is proved. 
3. THE PROOF OF THEOREM B 
Let G be a finite simple group satisfying the assumptions of Theorem B. We 
use [4]. If e E M and if a has a given type in the sense of [4], we call e an element 
of that same type in M. 
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(3.1) LEMMA. (i) The group Co, contains exactly one conjugacy class of 
elementary abelian subgroups of order 21°. 
(ii) C&L) = E and N%(L)/z E Aut(Ma,). We have / GM 1 = 34 . 52 .23 = 
46 575. There are exactly 3 classes of involutions in L under conjugation by Na(L) 
with representatives tI , tz and tz . The lengths of the orbits of ti in L are 77, 330 and 
616, resp. 
The involutions t m1 , t, , t3 are of types 2A, 2C and 2B in the sense of [4]. 
Especially, the involutions ti , i = 1, 2, 3 are representatives for the classes of 
involutions in M and C(tJ n NA.(L) contains a Sylow-2-subgroup of Ca(&), 
i= 1,2,3. 
Proof. (i) is mentioned in the proof of [9, Lemma 2.71. 
(ii) is an easy consequence of (i). 
(3.2) LEMMA. (i) Let d be an element of order 23 in M. Then Co(d) = (z). 
(ii) Let r be an element of order 11 in M. Then Co(r) E D, . 
Proof. (i) is immediate. (ii) follows from the fact, that Co, contains a 
Frobenius-group of order 23 . 11. 
(3.3) LEMMA. Not all of the involutions in C,(Y) are conjugate to x. 
Proof. We can choose Y E C(a) and so C,(Y) = (a, b), where b is an involution 
in Q - Co(a). Assume b No a. Then d -d under NM((r)). But we have 
j Na((i))l = 110 and so N,((r)) CC(G) n M, a contradiction. 
(3.4) LEMMA, There are at least 22 528 conjugates of a contained in 
Q - Co(a). If b is such an element, then C(b) n N&L) E L,(4). 
Proof. Let bEQ-Co(a), b-z. By [II, (4.1)] we haveC(6)nz = (1). 
Consider X = (C(s) n N&t))L/E. By (3.3) we have 11 +’ 1 X I. Thus X is 
contained in a proper maximal subgroup M,, of NM(E)& As (z has only 46 575 
conjugates in Q, we have 1 N,&)/L : iVIa 1 < 45. It follows X = M,, e M,, g 
L,(4). 
(3.5) LEMMA. Let w2 be an element of order 5 contained in C,+*(a). Then w2 
is of type 5B and we have 
(i) C~(W,)/(E~) g ZS . Th e involutions in CJJ(W,)’ have type 2B. The 
involutions in C,,,(G~) - C&W,) have type 2A. The elements of order 3 in C~(UJ 
are of type 3B. 
(ii) Co(wz) is isomorphic to the central product of 3 dihedral groups of 
order 8. 
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Proof. (i) We can choose W, E C(t,) n C(ta). By [lo, (6.7)], the element as 
is not 5-central in m. So zua is of type 5B. By [lo, (6.7)], we have D = O,(C(%J n 
C(5)) z D, and Z(D) = (5). Then DE Syl,(C&iij~)). Consider X = 
C~(EJ/(W,). We have / X j = 233 . 5. By Thompson’s transfer lemma, X 
possesses a subgroup X0 of index 2. As &(~&/(a& E X,, - Zx(X,), a Sylow- 
2-subgroup S, of X0 is elementary abelian of order 4 and all the involutions in S, 
are conjugate under X0 . It follows X0 z A, and X G & . It follows from [4], 
that elements of order 3 in C,(w,) have type 3B. 
(ii) As N&L)/L operates irreducibly on both Q n QJ(a, z) and on 
Co(u)/Q n Qa , we have j Co(wJ = 2r. The lemma follows. 
(3.6) LEMMA. Let mI be an element of order 5 contained in Ca(t,). Then w1 has 
type 5A. Let (UJ = Z(P), where FE Syl,(M). Then Cm(%J _C N(i;) and 
C,(W,)/F s SL(2, 3). 
Proof. This follows from [4] and Stroth’s result [lo, (6.7)]. 
(3.7) LEMMA. (i) Let t = i, be a 2-central involution in M. Then 
C(t) n & = iE and 1 6 / = 216. 
(ii) j C(f3) n & / = 212. 
Proof. (i) is contained in [ll, (6.3)]. 
(ii) Let (z) E Syl,(Nm((r))). Th en z centralizes an element of type 5B and 
so i has type 2A or 2B. By (3.2)(ii) and (3.3) we have 1 C,(Z)1 = 212. It follows 
from (i) now, that ? is of type 2B. 
(3.8) LEMMA. Let s2 be an element of order 3 contained in C,(a). Then s2 has 
type 3B and Co(sz) is isomorphic to the central product of 5 dihedral groups of 
order 8. 
Proof. This follows from [4] and the operation of=) on & again. Set 
R = Ril and recall the properties of the operation of i? as proved in [II, (6.3)]. 
(3.9) LEMMA. Let S be a Sylow-3-subgroup of R. Then S operates$xed-point- 
freely on WI/V, . We have Co(S) z D, . 
Proof. There is an element s of type 3B in R, which centralizes an element of 
type 5B in R. Then s is of the “first type” in i? in the sense of [7], that is 
/ C(s) n P j = 24. It follows 1 C,(S)/ = 211 and so s operates fixed-point-freely 
on WI/VI . Obviously Co(S) s D, . 
(3.10) LEMMA. The group R has 3 orbits in PI with representatives a”, 2 and 9. 
The lengths of the orbits are 63, 28 and 36, resp. We have C,(Z)/m z O-(6,2) 
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and CR(y)/fl E Z8 . The involutions x, x and y are representatives of 3 distinct 
conjugacy classes in G. 
Proof. Let S be as in (3.9). Set C(S) n PI = (21, Mz = C,(Z)/w. Then ME 
corresponds to a proper subgroup of Sp(6,2). As 34 divides 1 Mz 1, the group ill, 
is not contained in a proper parabolic subgroup of Sp(6,2) and so 0,(M,7) =I (1’). 
Let Mz C M0 , where M0 corresponds to a maximal subgroup of Sp(6,2). Then 
O,(M,J = (1). Further ; Sp(6,2) : M,, ) < j Sp(6,2) : M, j < 64 and M, does 
not contain a Sylow-2-subgroup of Sp(6, 2). It follows O(M,) = (1’~. A minimal 
normal subgroup X of nil, has to be a simple group and we have M,, 5: Aut(X). 
So we have X- Q-(6,2) and MT C O-(6,2). 
Assume M, s Q-(6,2). Then 1 5? 1 = 56. Let J E p1 - P, J + .@. Then 
1 # / ja 1 < 8, a contradiction. We have M, z O-(6,2) and 1 @ I = 28. 
Obviously a + x. 
Letf be an element of order 7 in R and C(f) n PI = (j), M, = C&G)/x. 
We have 1 Sp(6,2) : M, 1 < 36. Further M, doesn’t contain a Sylow-2-sub- 
group of Sp(6, 2). It follows 32 1 l%ZV 1. 
Assume 33 divides 1 Mu ). Then a Sylow-3-subgroup s, of CR(~) cannot 
operate fixed-point-freely on P, as 34 7 / Mu /. This is a contradiction. Thus 
1 M, I = 2i325 7, where i = 7 or i = 8. Obviously we have O,(MJ = 
O(M,) = (1 j and a minimal normal subgroup X of Mu is a simple group, 
MY C Aut(X). The structure of a Sylow-7-normalizer shows 1 -Vj,/X / 7: 2 
and so I X 1 = 26325 . 7. AsL,(4) is not contained in Sp(6,2), we have X z ,4, , 
MV z 2, and ~ 9” 1 = 36. As m < C,(Z) n C’,(y), the groups C,(Z) and 
C,( 9) contain Sylow-2-subgroups of C-u(?) and Ca( y), resp. It follows x + a + y 
and x +JJ. 
(3.11) LEMMA. CM(~) is isomorphic to the extension of U,(2) by afield-auto- 
morphism of order 2. We have / C@ / = 2200. 
Proof. We have N < C(g) and C,(f) n C&$)/N= O-(6,2). Further, 
by (3.9), the order of CM(Z) is divisible by 36. The lemma follows from [7]. 
(3.12) LEMMA. Let s*,~ , s2,2 and sl be representatives for the conjugacy classes 
of elements of order 3 in R, where ! C&r)( = 24, 1 C,(S,,,)i = 22 and C&i) = (1,. 
Then s~,~ and s2,2 are of type 3B in M and s1 has type 3A in M. We have Co(sl) z 
Ds*Q2,, 
Proof. The statement concerning sg,r has been proved under (3.9). We have 
1 C(s,,,) n V, ( = 24 and / C(s,*,) n Q/W, / = 23. By operating with a Sylow- 
3-subgroup of R on WI/VI , we see like in the proof of [9; (2.1)], that j C(s,,,) n 
WI/V, j = 24 and so 1 C,(s,,,)j = 2 ll. The same arguments again like in the 
proof of [9; (2.1)] show, that / C(s,) n WI/VI 1 = 22 and so / C,(s,)I = 25. 
Thus s~,~ must be of type 3B and sr has type 3A. Further Co(sl) s D, * Q, . 
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(3.13) LEMMA. C,(J) C iz and so Ca(y)/N e X8 . Further / y [ = 
223”521 I .23 = 2 049 300 . . .
Proof. Consider M, = C(j) n x. We have 1 M 1 = 21x36537 . I1 .23. 
j C,(J)1 = 216335 . 7 and we know 217 7 1 M, 1 and 23 +’ 1 MY j. By (3.1 l), (3.2)(ii) 
and (3.3) we have 11 7 / M, /. It is clear, that O(MJ = (1) and O,(M,) ,< m. 
As M, n R/N z Zs and because of the operation of an element of order 5, we 
have that R n Mu operates irreducibly on m/(r). Assume O,(M,) # m. Then 
OdMd = (1). 
Because the centralizer of an element of order 7 in M has order 56 only, a 
minimal normal subgroup X of M, has to be simple. We have WC X and 
C,(t)/x is isomorphic to A, or to .Z, . Further t is strongly closed in N under X. 
It follows from [5], that ,ri s U,(2) or X g Co, , a contradiction. Thus 
O,(M,) = f\r and we are done. 
COROLLARY. There are exactly 3 classes of involutions in Q - ({z) with repre- 
sentatives a, x and y under the operation of M. 
PYOO~. This follows from (3.l)(ii), (3.11), (3.13) and (3.10). 
(3.14) LEMMA. Let w1 be an element of type 5A in M. Then C,(w,) g Q8 . 
Proof. By (3.5) a Sylow-5-subgroup of C,(a) has type 5B. For the same 
reason, a Sylow-5-subgroup of R has type 5B. As Sylow-5-subgroups of C,(x) 
and of C,M( y) can be chosen in R, we have that wr doesn’t stabilize an isotropic 
vector in &. The lemma follows. 
(3.15) LEMMA. Let w2 be an element of order 5 and type 5B in M. Then w2 
is not conjugate to w1 in G and so CG(wZ) controls the x-fusion of involutions in 
Co(wJ. Further Cc(w,)/(wz) c Aut(HiS), where His denotes the Higman-Sims 
simple group of order 2s32537 . 11. 
Proof. Set C = Cc(w2)/(wz), C, = C,(w,)/(wa>. By (3.5) the generalized 
Fitting subgroup F*(C,) is isomorphic to the central product of 3 dihedral 
groups of order 8 and C,/O,(C,) s Z, . Thus CM(wz) contains a Sylow-2- 
subgroup of C,(w,). Let U denote a fixed Sylow-2-subgroup of C,(w,). Suppose 
WI-W,. Then by (3.6) and (3.14), U has to contain an involution i such that 
C.(i) doesn’t contain an abelian subgroup of order 8. By the structure of U, this 
is impossible. We have wr + w2 and so C,(wJ controls the z-fusion in Cc(wJ, 
i= 1,2. 
Consider the group C. The operation of the four-group (z, a) shows 
O(Cc(w,)) = (wa) and so O(C) = (1). We see from the proof of (3.4), that 
a minimal normal subgroup of C cannot be elementary abelian. Thus, by the 
structure of C, , a minimal normal subgroup X of C has to be a nonabelian 
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simple group. We have O,(C, n X) < O,(C,) and C, n X/O,(C, n S) is 
isomorphic to A, or to Zs. 
The group O,(C, n X) is not abelian and contains an elementary abelian 
subgroup of order 8, as / CV(zuZ)I = 8 and all the involutions in V are conjugate 
to Z. It follows from this and from the operation of an element of order 5 in CZ , 
that O,(C, n X) has order 26 or 2’. From [3] we see, that 1 O,(C, n X)1 # 2’. 
Let sa be an element of order 3 in CM(q). Then sa has type 3B. Assume 
C(s,) n Co(w,) s D,Q, . Then C(sJ n [w2, Q] g Qs * Qs * Qs . This is a 
contradiction, as w2 has to operate fixed-point-freely on C(s& n [w2 ,Q]. It 
follows C(S,) n Co(w2) g D, and so C(s,) n O,(C, n X) C Z(Oz(C, n X)). As 
an element of order 5 in C,(w,)’ operates on O,(C,(w,)), we see from (3.14), 
that O,(C, n X) g 2, * D, * D, . The lemma is now a consequence of [l]. 
(3.16) LEMMA. C,(x) d M andCG(y) 4 M. 
Proof. By the structure of HIS, all the involutions contained in 
O,(C,(w,)’ n M) are conjugate to z in &(wJ’. There are conjugates of x and of 
y in O,(Cc(wZ) n M). Thus x and y are representatives for the 2 conjugacy 
classes of involutions in Aut(HiS) - His. It follows that C(x) n CG(wZ)’ and 
C(y) n CG(w2)’ are isomorphic to the symmetric group Z, or to a faithful 
extension of an elementary abelian group of order 16 by 2, . The lemma follows. 
(3.17) LEMMA. The group C,(x) is isomorphic to the centralizer of a {3,4}- 
transposition in F, . 
Proof. It follows from (3.11), (3.16) and Theorem A, that &(x)/(x) is 
isomorphic to the extension of 2E6(2) by a field-automorphism of order 2. 
Assume now, that x 6 C,(x)‘. Then we have C,(x)’ s 2E6(2). Set F = C,(x) n 
C,(x)‘. Then F is extraspecial of with 10 and F is a normal subgroup of C,(x). 
Further x E C,(F) s D, . Let x1 be an involution inCo(F) - (z, x). By (3.l)(ii), 
(3.13) and the corollary of (3.13), the involution x1 is conjugate to x. Thus 
C,(Z,) = C,(Z) and so x1 N x under NM(C,(Z)). But the structure of Sylow-1 l- 
normalizers shows, that Na(Cd3i;)) = Cm( f a contradiction. Thus C,(x)’ has ), 
index 2 in C,(x) and is isomorphic to a perfect central extension of 2E6(2) with 
center of order 2. It is well known, that C,(x) is isomorphic to the centralizer of 
a (3,4}-transposition in F2 (see [6]). The lemma is proved. 
It follows now from Stroth’s characterization [lo], that G is isomorphic to F, . 
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